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(21) 8.3 Trigonometric Substitutions (A)

Expression in integrand

[q2 — x2
X =asin@ dx =acosf db
x
sin@ = — b
Trigonometric substitution -
X 0
0 = sin ! (—)
a Ty
2
I =j dx
xV5 — x2
x =V5sin@ dx =V5cos6 do
. 0 ol 1 x
Sinlchi= s NG
X 0
EXAMPLE | e=sn(%)
V5 V5 —x?
2
I = V5cos@ d@
\/gsine\/S — (\/gsin9)2
_j 2cos0 10
sin@+V5 — 5sin? 0
_J 2cos0 10
sin 8 V5V1 — sin2 6
B j cos 6 j cos 6
V5J sinf+cos? 6 \/— sin 6 0059

2
=— | cscOdB = In|cscO — cot B
|

V5 V5—x2

+C

=—lIn
V5

X X




(21) 8.3 Trigonometric Substitutions(A) P2

X2 1 May 1994
Example 1  Evalude theintegra [ ——— dx 25 December 2001
N — f 33 May 2004
Solution
x = 2sinf dx = 2cos@ do
sin@-f 2
= 1
0
X
0 =sin~1 (=
@ iz
; j x? 4 4sin’ 6 2 cos 0@l f 4 sin” @ 2 cos Budd
= | ——dx = | ———"2cos = - 2 €OS k=
V4 — x2 V4 — 4sin26 V4(1 —sin?0)
it = f45m29 2cos0 df 4['29 a0
o .2 cos = - 2 cos = sin
4\/4c0529 21C05
=§f(1—c0520) d9=2(9—§sin26>=29—sin29+c=29—25in8€059
X x\ (V4 — x? ooy 1
= 2sin 1(5)—2(§)< b >+c=251n 1(5)—§x 4—x2+¢
1
Example2 Evauae theinegra | —————dx 22 December 2000
X — X
Solution
x = 4sin 6 dx =4cosf do 4
X
sin0=Z 2
0
X
0 = sin~! (Z) J16 — x2

I‘f 1 J _J‘ 4 cos 6 d@_f 4 cos @ Ll 1 1 40
~ ) xVie—x2 ) 4% sin*0vVi6— 16sm20 ) 4*sin*0-4cos@ 4% ) sin*9
1 1
csc*0 df = — | csc? 0 csc?0do =Hf(1+cot2 0) csc?6do

T 4
Let u=cotf du = —csc?6do
1 , TRV
..Izﬂf(l+u)du=?[u+§u]+c
3

-1 il A —1({v16 —x%2 1/(V16 —x?
=—[cot9+—cot 9]+c=— Sialds +c

44 3 44 X 3 e
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(21) 8.3 Trigonometric Substitutions(A) P3

Example 3 i)l j 2 12 o
Evaluate the following integral : x°\4 — x? dx 3 - points
50 Dec. 15, 2009 J ( z P )

Solution
x = 2sin 6@ dx =2cosf do
sinf = 3 x
= 0
0=sin”(3) Nre

I—]x 74 —xzdx—jélsm 6+4—4sin20-2cosf d0—j451n 0-2cosB-2cosf do

f451n 0 cos* 0 db —4[(251n9c059)2d9 —4fsm 26 d6 —2f(1—c0549)d9

1
(0 —sm49> c=2(9—§sm20C0529) c=2[6 —sinB cosO (1 —2sin?0)] +

=2 l (W) (1 —2 (;)z)l +c

N

1 Vi=x2
Example 4 Evaluate the following integral f ¥ dx 35 Jenuary 24,2010
X
Solution
x = sin O dx = cos8 df
i, a 1
smH—I '
0
LA, —C
6 = sin”*(x) \/TXZ
1—+vV1—x2 1—+1-—sin%0 1—cos@
sz—zdxzf — cos 6 d9=f 5 cosf do
7% sin“ 0 sin

_fcos@—coszﬁ de_jcose cos? 6

|1 ! " i
sin2@® sin26 de f(COtH cscH — cot“ Q) do

sin? 6
=f(cot9csc9—csc29+1) df = —cscO +cotfd+6+c
1 1—x?

=——+
X

+sin™*(x) + ¢
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(21) 8.3 Trigonometric Substitutions(A)

P4

HOSSAM GHANEWM

(21) 8.3 Trigonometric Substitutions (A)

Expression in integrand a?+x?2 & x2 + a?
X =atan® dx = asec’8 do
X
tanf = —
Trigonometric substitution a [a? + x2
L ARE ) 0
6 = tan (a) >
o B
= X
9 + x2
x =3tan 6 dx = 3sec?6 db
P o
anf = —
3 V9 + x2 .
EXAMPLE i 0
1] AR |
6 = tan (3) 3
= f 3sec’0 db
V9 + (3tan 9)2
> 3sec? 6 & f 3sec? 6 I
V9 + 9tan? 6 3v1 +tanZ 6
sec? 6 sec? 6 " _J Il
VSGCZ sec@ 12 i
= In|secd + tan | + C
VI +x2 x
= In +=|+C
3 ¢
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(21) 8.3 Trigonometric Substitutions(A) P5

1
Example 5 Evauate the following integral j mdx 18 December 1999
Solution
x = tan 0 dx = sec’6 d@
tan @ = % V14 x2 N
0
0 = tan"1(x) 1

i f 1 A J‘ 1 21 J‘ sec? 6 A J‘ sec? 6 18
== dx 5 - sec = il == | —— s
x2Vx2 +1 tan? 0vVtanZ26 + 1 tan? 0+vsec? @ tan2 @ sec

_fsecH d@—f 1 Qde_jcosze 1 d@_j‘cos@ =
~ J tan26 ~ ) tan26 Sec " J sin26 cos#@ ~ ) sin26

Vx2+1
X

cos @ 1
=J . d9=fcot9csc8 dfd = —cscO@+c=—

+c
sinf@ siné

Example 6 *
55 July 23, 2011

1
Evaluate the following integrals. j g e X 3 pts
ginteg iive (Sets)

Solution

vJx =tan26 .~ x =tan*6 s~ dx =4tan®0sec? 0 do

/\/Eztane dx = 4tan® 0 sec? 6 do

tanezg \/1+\/}
6=tan‘1<\/$> 0

I f L4 j ! 4tan® 6 sec? 6 do 4j—secz0 do
= | T //—=0ax= -4 tan” 0 sec =
xv1++x tan* 0 V1 + tan2 6 tan 0 secf

sec@ 1 cos @ 1
=4f do = f P — d9=4f : d9=4fcsc6 df = 41In|cscO — cotB| + ¢
tan @ cosf sind sin 6

Vi+vx 1
=41In|cscO — cotf| + c =4In — +c
o
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(21) 8.3 Trigonometric Substitutions(A) P6
Homework
1 |Evaluate theintegral 2liriz d
e (X
= vV 1—x2
2
X
2 | Evauate theintegral j —_—x 14 Nov. 1998
oy V25 — x?
1
3 |Evaluate theintegral f — T 42 December 2006 A
Zm x%(1 + x?)2
3.7(,'
Evaluate theintegra j dx
4 I Vit or
5 | (4 pts.) Evaluate the following integral f x2J1 —x2 dx 36 June 6, 2010
2
d
6 | (5pts. ) Evaluate j ad iad 38 Jan. 22, 2011
- V1 —x2 ++1 + x2
3
Z Evaluate the following integral f(l — x%)2 dx 14 June4, 2011
X
§ Evaluate the following integral f V1 —x2sin"txdx
9 | Evaluate theintegral j /1 +/x dx 32 December 2003
' 1
10 Evaluate the following J o 56 11 Decernber 2011

(21/, points) x2\/25 — %2

Hossam
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(21) 8.3 Trigonometric Substitutions(A) P7

1
Example 1 Evaluate thefollowing integral _jl N s dx

Solution
x = 3sin@ dx =3cosf do
: X 3
g==1
sin :
0
6 = sin"1(x
) —
-
\/——xz
I f 3 cosO o J‘ 3cosb oy choste fd@ o
= — = B — = = = c
)9 —x2 VO —9sinZh 3v1 —sinZ @ 3cosf
= sin 1§-i;C
QO T —11_ - —1__1_ - —11 . —1 —11
I—[sm 3] = sin sin = sin 3+sm = 2sin 3

Example 3 Evauate theintegral f V1 —x2sin"!xdx

Solution
X =sin6 dx = cosf db
. _ 1
sinf = 1
0
6 =sin"lx
v1—x?

sz\/l—xzsin‘lxdxlzf 1—sin26 -0 -cosf db

1
=f9-c0529 de ==f9-§(1+c0529) do

1
u=2~0 E( + cos 20)d6
1
du = do —2— <9+—sm29)
I=uv—fvdu

I—9<9+1 : 29) 1f<9+1 | 29) d9—9<9+1 ' 29) 1(192 ; 29)+
—2 Sin 2 ZSIH —2 251n 2 2 4COS C

2
0 1/1 1
=E(6+sin9c059)—5<§92—1(1—251n29)>+c
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(21) 8.3 Trigonometric Substitutions(A) P8

= %sin‘1 s (sin‘1 x+xy1— xz) — % E (sinTtx)% — % (1- 2x2)] +c

Example 4 Coz) 43May 2007 A
EXampie &4 '

dNPIE€ 4 Evauate theintegra Rl nag? ay

Solution
(Inx)3

Ja= d

jx v 4—(Inx)* g

1 -1 (Inx)3
Let t=4—(Inx)* dt = —4(Inx)3 i dx Tdt: = d

(Inx)3 (lnx)3 | _—_1 1 2l
I_-f A 4 —(lnx)4 f —(lnx)4 4 fﬁ e 2 K

= —(nx)* +c¢
Example 6 Evaluae theintegral f 1+ Vxdx 32 December 2003
Solution
Vx =tan? 6 . x =tan* 6 ~dx = 4tan® 0 sec? 6 do
\/E = tan 6 dx = 4 tan3 @ sec? 0 do

tan9=@ «I1+\/§
9=tan‘1<\/$> 0

I:f /1+x/§dx=f 1+ tan2 0 -4tan36sec?6 d9=fsec9 -4tan3 Osec® 8 db

=4J-tan36?sec39 do =4ftan295ec20- tan @ secO do

=4f(sec29—1)se029-tan95ec9 de
Let t=secH — dt =secftanf do

4 4
I=4f(t2—1)t2dt=4f(t4—t2) dt=§t5—§t3+c

4 4
- —(sec 0)° — —(sec 0)*+c

i) 3
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