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Example 1    Evaluate  the integral න ଶ√4ݔ − ଶݔ  ݔ݀

1   May   1994
25   December   2001

33   May   2004

Solution ݔ = 2 sin ݔ݀ ߠ = 2 cos ߠ sin  ߠ݀ ߠ =  2ݔ
 

ߠ = sinିଵ ቀ2ݔቁ 

ܫ = න ଶ√4ݔ − ଶݔ ݔ݀ = න 4 sinଶ 4√ߠ − 4 sinଶ ߠ ∙ 2 cos ߠ ߠ݀  = න 4 sinଶ ඥ4ሺ1ߠ − sinଶ ሻߠ ∙ 2 cos ߠ ߠ݀  = 

   = න 4 sinଶ 4√ߠ cosଶ ߠ ∙ 2 cos ߠ ߠ݀  = න 4 sinଶ 2ߠ cos ߠ ∙ 2 cos ߠ ߠ݀  = 4 න sinଶ ߠ =     ߠ݀   42 නሺ1 − cos ߠ݀  ሻߠ2 = 2 ൬ߠ − 12 sin ൰ߠ2 = ߠ2 − sin ߠ2 + ܿ = ߠ2 − 2 sin ߠ cos =    ߠ 2 sinିଵ ቀ2ݔቁ − 2 ቀ2ݔቁ ቆ√4 − ଶ2ݔ ቇ + ܿ = 2 sinିଵ ቀ2ݔቁ − 12 ඥ4ݔ − ଶݔ + ܿ 

 

Solution ݔ = 4 sin ݔ݀ ߠ = 4 cos ߠ  ߠ݀

 
sin ߠ =   4ݔ

ߠ = sinିଵ ቀ4ݔቁ 
 

 
ܫ  = න ସ√16ݔ1 − ଶݔ ݔ݀ = න 4 cos 4ସߠ  sinସ 16√ߠ − 16 sinଶ ߠ݀ ߠ = න 4 cos 4ସߠ  sinସ ߠ ∙ 4 cos ߠ݀ ߠ = 14ସ  න 1sinସ ߠ =      ߠ݀  14ସ න cscସ ߠ ߠ݀  =  14ସ න cscଶ ߠ  cscଶ ߠ ߠ݀ = 14ସ නሺ1 + cotଶ ሻ cscଶߠ ߠ  ߠ݀

 
Let       ݑ = cot ߠ ݑ݀                        = − cscଶ ߠ ∴ ߠ݀ ܫ = −14ସ නሺ1 + ଶሻݑ ݑ݀  = −14ସ ൤ݑ + ଷ൨ݑ 13 + ܿ 

      = −14ସ ൤cot ߠ + 13 cotଷ ൨ߠ + ܿ = −14ସ ൥√16 − ݔଶݔ + 13 ቆ√16 − ݔଶݔ ቇଷ൩ + ܿ 

  
  

Example 2   Evaluate  the integral    න ସ√16ݔ1 − ଶݔ December   2000  22 ݔ݀
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ඥ4 −  ଶݔ

θ 
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ඥ16 −  ଶݔ

θ 
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Example 3    
50  Dec. 15, 2009 Evaluate the following integral : න ଶඥ4ݔ − 3) ݔ݀ ଶݔ ଵଶ  points )

Solution ݔ = 2 sin ݔ݀ ߠ = 2 cos ߠ  ߠ݀

 
sin ߠ =   2ݔ

ߠ = sinିଵ ቀ2ݔቁ 

 

ܫ = න ଶඥ4ݔ − ݔ݀ ଶݔ = න 4 sinଶ ߠ ඥ4 − 4 sinଶ ߠ ∙ 2 cos ߠ ߠ݀   = න 4 sinଶ ߠ ∙ 2 cos ߠ ∙ 2 cos ߠ =    ߠ݀   4 න 4 sinଶ ߠ cosଶ ߠ ߠ݀   = 4 නሺ2 sin ߠ cos ߠሻଶ݀ߠ = 4 න sinଶ ߠ2 ߠ݀ = 2 නሺ1 − cos =    ߠሻ݀ߠ4 2 ൬ߠ − 14 sin ൰ߠ4 + ܿ = 2 ൬ߠ − 12 sin ߠ2 cos ൰ߠ2 + ܿ = 2ሾߠ − sin ߠ cos ߠ ሺ1 − 2 sinଶ ሻሿߠ + ܿ    = 2 ቈsinିଵ ቀ2ݔቁ − ቀ2ݔቁ ቆ√4 − ଶ2ݔ ቇ ൬1 − 2 ቀ2ݔቁଶ൰቉ + ܿ 
 

Example 4   Evaluate the following integral න 1 − √1 − ଶݔଶݔ January  24, 2010  35 ݔ݀

Solution ݔ = sin ݔ݀ ߠ = cos ߠ  ߠ݀

 
sin ߠ =   1ݔ

ߠ = sinିଵሺݔሻ 

 

ܫ = න 1 − √1 − ଶݔଶݔ ݔ݀   = න 1 − √1 − sinଶ sinଶߠ ߠ  cos ߠ ߠ݀   = න 1 − cos sinଶߠ ߠ  cos ߠ =    ߠ݀   න cos ߠ − cosଶ sinଶߠ ߠ ߠ݀    = න cos sinଶߠ ߠ − cosଶ sinଶߠ ߠ ߠ݀    = නሺcot ߠ csc ߠ − cotଶ =    ߠ݀ ሻߠ නሺcot ߠ csc ߠ − cscଶ ߠ + 1ሻ ݀ߠ = − csc ߠ + cot ߠ + ߠ + ܿ    = − ݔ1 + √1 − ݔଶݔ + sinିଵሺݔሻ + ܿ 
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Example 1   Evaluate  the following integral    න 1√9 − ଶݔ ଵݔ݀
ିଵ   

Solution ݔ = 3 sin ݔ݀ ߠ = 3 cos ߠ  ߠ݀

 
sin ߠ =   3ݔ

ߠ = sinିଵሺݔሻ 

 

ܫ = න 1√9 − ଶݔ ଵݔ݀ 
ିଵ  

ଵܫ   = න 1√9 − ଶݔ ݔ݀  = න 3 cos 9√ߠ − 9 sinଶ ߠ ߠ݀  = න 3 cos 1√3ߠ − sinଶ ߠ ߠ݀  = න 3 cos 3ߠ cos ߠ ߠ݀  = න ߠ݀ = ߠ + ܿ       = sinିଵ 3ݔ + ܫ  ܿ = ቂsinିଵ 3ቃିଵ   ଵݔ =  sinିଵ 13 − sinିଵ −13 = sinିଵ 13 + sinିଵ 13  = 2 sinିଵ 13 

 

Solution ݔ = sin ݔ݀ ߠ = cos ߠ  ߠ݀

 
sin ߠ =   1ݔ

ߠ = sinିଵ  ݔ

 

ܫ  = න ඥ1 − ଶݔ sinିଵ ݔ ܫݔ݀ = න ඥ1 − sinଶ ∙ ߠ ߠ ∙ cos ߠ =    ߠ݀   න ߠ ∙ cosଶ ߠ ߠ݀   == න ߠ ∙ 12 ሺ1 + cos  ߠ݀  ሻߠ2

ݑ    = ݒ݀                          ߠ = 12 ሺ1 + cos ݑ݀ ߠሻ݀ߠ2 = ݒ                         ߠ݀ = 12 ൬ߠ + 12 sin ܫ ൰ߠ2 = ݒݑ − න ܫ   ݑ݀ ݒ = 2ߠ ൬ߠ + 12 sin ൰ߠ2 − 12 න ൬ߠ + 12 sin ൰ߠ2 ߠ݀   = 2ߠ ൬ߠ + 12 sin ൰ߠ2 − 12 ൬12 ଶߠ − 14 cos ൰ߠ2 + ܿ    = 2ߠ ሺߠ + sin ߠ cos ሻߠ − 12 ቆ12 ଶߠ − 14 ሺ1 − 2 sinଶ ሻቇߠ + ܿ 

Example 3   Evaluate  the integral      න ඥ1 − ଶݔ sinିଵ ݔ   ݔ݀

 

ݔ  3   
ඥ9 −  ଶθݔ

 

ݔ  1   
ඥ1 −  ଶθݔ
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   = 12 sinିଵ ݔ ቀsinିଵ ݔ + ඥ1ݔ − ଶቁݔ − 12 ൤12 ሺsinିଵ ሻଶݔ − 14 ሺ1 − ଶሻ൨ݔ2 + ܿ 
  

Example 4   Evaluate  the integral    න ሺln ݔሻଷݔ ඥ 4 − ሺln ሻସݔ May   2007  A 43 ݔ݀

Solution ܫ =  න ሺln ඥ 4  ݔሻଷݔ − ሺln  ݔ݀ ሻସݔ

Let           ݐ =  4 − ሺln ݐ݀                 ሻସݔ = −4ሺln ሻଷݔ  ∙ ݔ1 14−                      ݔ݀  ݐ݀  = ሺln ݔሻଷݔ ܫ ݔ݀   =  න ሺln ඥ 4  ݔሻଷݔ − ሺln ݔ݀ ሻସݔ =  න ሺln ∙  ݔሻଷݔ 1ඥ 4 − ሺln ݔ݀ ሻସݔ = −14  න ݑ√1 = ݑ݀   −12 ݑ√  + ܿ    = −12 ඥ 4 − ሺln + ሻସݔ ܿ 
 

Example 6   Evaluate  the integral    න ට1 + ݔ√ December   2003   32 ݔ݀

Solution √ݔ = tanଶ ߠ           ∴ ݔ = tanସ ߠ                      ∴ ݔ݀ = 4 tanଷ ߠ secଶ ߠ ݔ√ට ߠ݀  = tan ݔ݀ ߠ = 4 tanଷ ߠ secଶ ߠ  ߠ݀

tan ߠ = ඥ√1ݔ   

ߠ = tanିଵ ቆට√ݔቇ 

 
 
ܫ  = න ට1 + ݔ√ ݔ݀ = න ඥ1 + tanଶ ߠ  ∙ 4 tanଷ ߠ secଶ ߠ ߠ݀  = න sec ߠ  ∙ 4 tanଷ ߠ secଶ ߠ =   ߠ݀  4 න tanଷ ߠ secଷ ߠ ߠ݀  = 4 න tanଶ ߠ secଶ ߠ ∙  tan ߠ sec ߠ =   ߠ݀  4 නሺsecଶ ߠ − 1ሻ secଶ ߠ ∙ tan ߠ sec ߠ  ߠ݀  

Let      ݐ = sec ߠ                → ݐ݀ = sec ߠ tan ߠ ܫ ߠ݀   = 4 නሺݐଶ − 1ሻ ݐ݀ ଶݐ = 4 නሺݐସ − ଶሻݐ ݐ݀  = ହݐ 45 − ଷݐ 43 + ܿ     = 45 ሺsec ሻହߠ − 43 ሺsec ሻଷߠ + ܿ    = 45 ቆට1 + ቇହݔ√ − 43 ቆට1 + ቇଷݔ√ + ܿ 

 

  1  

ට√ݔට1 +  θ ݔ√


